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The characterization of quantum magnetism in a large spin (≥ 1) system naturally involves both
spin-vectors and -tensors. While certain types of spin-vector (e.g., ferromagnetic, spiral) and spin-
tensor (e.g., nematic in frustrated lattices) orders have been investigated separately, the coexistence
and correlation between them have not been well explored. Here we propose and characterize a
novel quantum spiral spin-tensor order on a spin-1 Heisenberg chain subject to a spiral spin-tensor
Zeeman field, which can be experimentally realized using a Raman-dressed cold atom optical lattice.
Through numerical density-matrix renormalization group (DMRG) simulation, we obtain the phase
diagram and characterize the coexistence of spin-vector and spin-tensor orders as well as their
correlations. Our results may open an avenue for exploring novel magnetic orders and spin-tensor
electronics/atomtronics in large-spin systems.
Introduction.— Quantum magnetism originates from
the exchange coupling between quantum spins and lies at
the heart of many fundamental phenomena in quantum
physics [1–3]. In particular, understanding exotic mag-
netic orders of strongly correlated quantum spin chains
is one major issue of modern condensed matter physics.
Such interacting many-body systems can give rise to var-
ious magnetic orders and the phase transitions between
them [4–11]. Major research efforts have been focused
on spin-1/2 systems, where collinear (e.g., ferromagnetic
and antiferromagnetic) and non-collinear (e.g., spiral)
magnetic orders are fully characterized by the spin-vector
(~S) configurations, including their local orientations and
densities as well as nonlocal correlations [12–23].
Quantum magnetism with large spins, such as spin-1,
has also received considerable attention in recent years,
where the large spin could originate from, for instance, in-
trinsic orbital degrees of electrons or pseudo-spins defined
by hyperfine states of cold atoms [24–34]. Mathemati-
cally, a full description of a large spin (≥ 1) involves not
only rank-1 spin-vectors, but also high-rank spin-tensors,
therefore it is expected that the resulting quantum mag-
netism may possess both spin-vector and tensor orders.
So far, spin-vector magnetism of a strongly correlated
spin-1 chain has been extensively studied, where the com-
petition between spin interaction and Zeeman field (ei-
ther uniform or spiral along the chain) leads to rich phase
diagrams [34–40]. Certain nematic magnetic orders of
spin-tensors (with vanishing spin-vector) have been in-
vestigated in 2D geometrically frustrated (e.g., triangle)
lattices [41–49]. However, magnetic orders with the co-
existence of these two orders have not been well explored
and a unified description of such magnetic orders is still
lacking. Addressing these two important issues should
be of great importance for the discovery of novel types
of magnetic orders and the exploration of a new type of
electronics/atomtronics characterized by spin-tensors.
We restrict to spin-1 magnetic orders, which may be
described by three crucial elements: i) spin-vector (rep-
resented by an arrow), ii) spin-tensor (represented by an
ellipsoid), and iii) the relative orientation between the
arrow and ellipsoid. In previously studied spiral spin-
vector order [34], arrow length, ellipsoid size, and their
relative orientations are uniformly fixed across the lat-
tice chain, while the 2D nematic phase in a frustrated
lattice [41, 42] possesses vanishing spin-vector arrow and
fixed ellipsoid size and directions.
In this Letter, we propose that quantum spiral spin-
tensor orders may emerge from a spin-1 Heisenberg chain
subject to a spiral spin-tensor Zeeman field. Our main
results are:
i) We propose an experimental setup for realizing a
spin-1 Heisenberg chain subject to a spiral spin-tensor
Zeeman field using a Raman coupled cold atom optical
lattice.
ii) We obtain and characterize the ground-state phase
diagram of such a spin-1 chain numerically using the
density-matrix renormalization group (DMRG) method.
We find that both the spin-vector arrow (direction and
length), the spin-tensor ellipsoid (direction and size) and
their relative orientations are spiral along the chain,
in contrast with previous studies for spiral spin-vector
phases [34] or 2D nematic phases [41, 42].
The model.— We consider an experimental setup based
on ultracold bosonic atoms in a 1D optical lattice with
Raman lasers that couple different spin and momentum
states [50], as shown in Fig. 1(a). A pair of counter-
propagating lasers with wavelength λL is used to re-
alize the 1D optical lattice Vlat (y) = −V0 cos2 (kLy)
along the y-direction, with wavenumber kL = 2pi/λL.
Three Raman lasers having an angle η with respect
to the y-direction induce two Raman transitions be-
tween the spin states |0〉 and | ↑ (↓)〉 [as shown in
Fig. 1(b)] with the momentum transfer 2kR, where kR =
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FIG. 1: (a) Schematics of the system setup. Green arrows
represent the 1D optical lattice. Yellow, blue and red ar-
rows represent three Raman lasers. (b) The Raman lasers
induce two Raman transitions between spin states |0〉 and
|↑(↓)〉. (c) Effective description of the model. t is the hopping
between neighboring sites, Ωe−2iφj |↓〉〈0| and Ωe2iφj |0〉〈↑| are
site-dependent couplings between different spin states.
2pi cos(η)/λΩ with λΩ the Raman-laser wavelength. The
tight-binding Hamiltonian without Raman lasers can be
written as H0 =−t
∑
〈i,j〉,σ bˆ
†
iσ bˆjσ+U0/2
∑
j nˆj (nˆj − 1) +
U2/2
∑
j
(
S2j − 2nˆj
)
, where bˆ†j (bˆj) is the creation (anni-
hilation) operator, σ = (↑, 0, ↓), t is the tunneling ampli-
tude between neighboring sites, and Sj =
∑
σσ´ bˆ
†
jσFσσ´ bˆjσ´
with Fσσ´ represent the total angular momentum F = 1
spin operators. U0 and U2 are on-site density and spin
interaction strengths.
In the Mott limit of commensurate odd integer filling
and U0, U2  t, we can get the effective spin Hamilto-
nian [51], H0spin =
∑
j J1Sj ·Sj+1 + J2 (Sj · Sj+1)2. Typ-
ically, J1 < 0 for repulsive interaction, therefore we pa-
rameterize J1 and J2 on a unit circle with J1 = cos θ
and J2 = sin θ and focus on the parameter region θ ∈
[0.5pi, 1.5pi]. The ferromagnetic order would maximize
the term Sj · Sj+1 but minimize the term (Sj · Sj+1)2,
therefore the system stays in the ferromagnetic phase for
J2 > J1 (i.e., 0.5 ≤ θ/pi < 1.25), where negative bilinear
interaction J1 dominates. For large negative biquadratic
interaction J2 < J1 in the region (1.25 < θ/pi ≤ 1.5),
the ground state should maximize the term (Sj · Sj+1)2
by forming spin singlet between neighboring sites, which
breaks the translational symmetry, leading to the dimer
phase [24–26, 52]. Typical values for alkaline atoms are
θ/pi = 1.26 for 23Na, 1.15pi for 7Li, 1.242 for 41K, and
1.249 for 87Rb [28]. The ferromagnetic phase and dimer
phase have uniform distributions of arrows and ellip-
soids [51].
The Raman lasers give rise to the site-dependent
spin flipping terms Ωe−2iφj |↓〉〈0| and Ωe2iφj |0〉〈↑| [see
Fig. 1(c)], which would induce an spiral on-site spin-
vector and tensor field. To see this, we write down
the tight-binding Hamiltonian for such Raman pro-
cesses HΩ =
√
2Ω
∑
j
(
e2iφj bˆ†j0bˆj+ + H.c.
)
, where |+〉 =
1√
2
(|↑〉+ |↓〉), Ω is the Raman coupling strength, φ =
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FIG. 2: (a) The description of a spin-1 magnetic order. The
blue arrow denotes the spin-vector ~S. The red ellipsoid is the
spin-tensor T , in which the black arrows are ellipsoid’s ori-
entations ~vn (n = a, b, c) with the principle axes lengths ln.
The relative orientation between spin-vector arrow and ellip-
soid γn = ~S∠~vn. (b) The phase diagram of the Hamiltonian
(1) with respect to (θ,Ω) for φ/pi = 1/6, which includes para-
magnetic (P), ferromagnetic spiral tensor (FST) and dimer
spiral tensor (DST) phases.
pi cos(η)λL/λΩ describes the flux and can be tuned by
the angle η. In the Mott limit, HΩ can be treated
as spiral spin-vector and spin-tensor Zeeman fields
HΩspin = 2Ω
∑
j
[
cos (2φj)Sxj − sin (2φj)Nyzj
]
, where
Nαβ = 12{SαSβ} − δαβS2/3 with α(β) = {x, y, z}, Ω
is the Zeeman field strength, and φ is the spiral period
of the field. The total Hamiltonian of our system reads
Hspin = H
0
spin +H
Ω
spin. (1)
The competition between spin interaction H0spin and spi-
ral on-site field HΩspin may induce many novel spin-tensor
magnetic phases, where both the spin-vector and spin-
tensor have to be considered to fully describe these quan-
tum magnetic orders.
Description of spin-1 magnetic order : The magnetic
orders of a spin-1 system may be described by the local
densities of spin-vector ~Sj and spin-tensor Tj . Here Tj
is the spin-tensor fluctuation matrix whose elements are
Tαβj =
1
2 〈{Sαj Sβj }〉 − 〈Sαj 〉〈Sβj 〉. The spin-vector density
~Sj = (〈Sxj 〉, 〈Syj 〉, 〈Szj 〉)T is characterized by an arrow,
and the spin-tensor density Tj is characterized by an el-
lipsoid with the principle axis lengths lnj (n = a, b, c) and
orientations ~vnj , which are given by the square-roots of
the eigenvalues and the eigenvectors of the 3× 3 matrix
Tαβj [53], as shown in Fig. 2(a). The vector and ellipsoid,
together with their relative angles γnj =
~Sj∠~vnj are used
to describe the spiral spin-1 magnetic orders.
The spin-1 Hamiltonian may support dimer orders
in certain parameter region, which describe the pair-
ing order between two neighboring sites. The corre-
sponding dimer-vector and dimer-tensor operators are
defined as DS
α
j = (−1)j〈Sαj−1Sαj − Sαj Sαj+1〉 and DT
αβ
j =
(−1)j〈Nαβj−1Nαβj − Nαβj Nαβj+1〉. For instance, the dimer-
vector DS
α
j and dimer-tensor D
Tαβ
j are nonzero for the
3spin singlet pairing between neighboring sites in the
dimer phase for the Hamiltonian H0spin even without the
spiral Zeeman field. Such dimer-vector density D
~S
j and
dimer-tensor density DTj can also be described geomet-
rically using arrows and ellipsoids, similar as the spin-
vector and spin-tensor for a single site.
Beside the local densities, the spin-vector and spin-
tensor correlations have to be considered to character-
ize the long-range order. Here the correlation func-
tion of an operator Oˆ over a distance r is defined as
C(Oˆ, r) = 1/L
∑
j
[
〈OˆjOˆj+r〉ν − 〈Oˆj〉ν〈Oˆj+r〉ν
]
, with
〈 〉ν the average value of ν-fold degenerate ground-states.
The spin-vector correlation is described by the an ar-
row ~Sr with elements Sαr = C (S
α, r), while the spin-
tensor correlation Tr is described by an ellipsoid with
the principle axis lengths lnr and orientations ~v
n
r that
are determined by the square-roots of the eigenvalues
and the eigenvectors of the 3 × 3 matrix with elements
Tαβr = C(N
αβ , r). Similarly, dimer-vector correlation D~Sr
with elements DS
α
r = C(D
Sα , r) and dimer-tensor corre-
lation DTr with matrix elements D
Tαβ
r = C(D
Tαβ , r) can
also be described by arrows and ellipsoids, respectively.
Spiral spin-tensor magnetism: The numerical ground-
state phase diagram of the Hamiltonian (1) can be ob-
tained through the DMRG calculation [54, 55], where the
length of the spin chain L is up to 96 sites, and we keep
the maximum states at 200 and achieve truncation er-
rors of 10−8. The resulting phase diagram for φ/pi = 1/6
is plotted in the θ − Ω plane in Fig. 2(b). There are
three different phases: the ferromagnetic spiral tensor
phase (FST) for 0.5 ≤ θ/pi < 1.25 and the dimer spiral
tensor phase (DST) for 1.25 < θ/pi ≤ 1.5, both in the
small spiral on-site field Ω region, and the paramagnetic
phase (P) for the large Ω. All these phases possess both
spiral spin-vector and -tensor densities. For other spiral
period φ, quantum phase diagrams are similar, except
that the phase transitions may occur at different critical
points and the period of the spiral modulation varies in
the same way as the spiral period φ.
First we consider the region 0.5pi ≤ θ < 1.25pi with
the weak Ω (the bottom-left part in the phase diagram),
where the spin interactions are still dominant and the
ferromagnetic order remains. At Ω = 0, the spin-vector
arrow points to certain direction (assumed to be the z
axis) that does not change along the chain, and the spin-
tensor ellipsoid is a flat disk in the x-y plane (i.e., laj = 0,
~vaj is parallel to z axis). In the presence of the spiral Zee-
man field (Ω > 0), the spin-vector density arrows ~Sj , the
spin-tensor density ellipsoids Tj , and their relative orien-
tations become oscillating periodically along the chain,
forming spiral loops in the Bloch sphere [51] and lead-
ing to the ferromagnetic spiral tensor phase, where the
local spiral magnetism and long-range correlations coex-
ist. Fig. 3(a1) shows the arrows ~Sj and ellipsoids Tj in
FIG. 3: (a1)(b1) Spin-vector density arrows ~Sj and spin-
tensor density ellipsoids Tj . (a2)(b2) Spin-vector correla-
tions arrows ~Sr and spin-tensor correlations ellipsoids Tr
(r = 1, 2, · · · ). (c1) Dimer-vector density arrows D~Sj and
dimer-tensor density ellipsoids DTj . (c2) Dimer-vector cor-
relations arrows D
~S
r and dimer-tensor correlations ellipsoids
DTr . (a1)(a2) Ferromagnetic spiral tensor phase (FST) with
θ/pi = 0.9 and Ω = 0.4. (b1)(b2) Paramagnetic phase (P)
with θ/pi = 0.9 and Ω = 0.5. (c1)(c2) Dimer spiral tensor
phase (DST) with θ/pi = 1.4 and Ω = 0.1. In all subfigures,
φ/pi = 1/6 and L = 96.
one spatial period, which possess clear spiral structures.
The spin-vector density arrows ~Sj within each spatial pe-
riod form a circular loop [51]. For the spin-tensor density
ellipsoids Tj , beside the modulation in its size, the corre-
sponding axes form a twisted loop (8-shaped), leading to
relative rotations between the spin-vector density arrows
and the spin-tensor density ellipsoids [51]. Such spiral
magnetic configuration originates from the competition
between the on-site spin-vector potential [cos (2φj)Sxj ]
and spin-tensor potential [− sin (2φj)Nyzj ]. Without the
spin-tensor field, the spin-vector density arrows and spin-
tensor density ellipsoids would rotate similarly with a
fixed relative orientation, and all ellipsoids would have a
fixed size. The ferromagnetic spiral order is character-
ized by the long-range correlation of both spin-vector ~Sr
and spin-tensor Tr, as shown in Fig. 3(a2).
As we increase Ω, the spin-vector rotation loop in a
period first enlarges and then shrinks to a narrow ellipse
(cigar-shaped). For a strong Ω, the system undergoes
a phase transition from the ferromagnetic spiral tensor
phase to the paramagnetic phase, where the long-range
correlations vanishes. In the paramagnetic phase, the
on-site Zeeman field in Hamiltonian (1) dominates, and
all spin-vector density arrows are parallel to the Zeeman
field with length modulations. The corresponding local
4magnetic densities are shown in Fig. 3(b1). Clearly, the
spin-vector density loop shrinks into a line on the x-axis
in the paramagnetic phase. In the ferromagnetic spiral
tensor phase, the ground state is 4-fold degenerate due
to Z2 exchange symmetry S
y ↔ Sz and Z2 reflection
symmetry Sy(z) ↔ −Sy(z) of the Hamiltonian (1), and
the spontaneously symmetry breaking leads to nonzero
〈Sz〉 and 〈Sy〉. However, in the paramagnetic phase,
the ground state is non-degenerate and we must have
〈Sz〉 = 0 and 〈Sy〉 = 0, thus the spiral loop shrinks into
a line. The rotation loop of the tensor ellipsoids changes
similarly as we increase Ω: the loop first enlarges then
shrinks into a line after the phase transition, where only
the sizes (not the direction) of the ellipsoids oscillate [51].
In the paramagnetic phase, the vector correlation arrows
~Sr and tensor correlation ellipsoids Tr decrease (in size)
with the distance r, indicating that there does not exist
any long-range order, as shown in Fig. 3(b2).
Now we turn to the parameter region 1.25 < θ/pi ≤ 1.5.
The system still stays in the paramagnetic phase for a
large Ω. For a small Ω, the negative biquadratic interac-
tion dominates, leading to the dimer spiral tensor phase.
In this phase, the ordinary correlations of both spin-
vector ~Sr and spin-tensor Tr decay similarly as the para-
magnetic phase [51]. However, there exist long-range cor-
relations for both dimer-vector D~Sr and dimer-tensor D
T
r .
The ground state of the dimer phase is non-degenerate,
so local spin-vector and spin-tensor densities behave sim-
ilarly as in the paramagnetic phase, forming lines instead
of spiral loops. Interestingly, there exist spiral loops for
the dimer-vector densities D
~S
j and dimer-tensor densities
DTj [51], thanks to the presence of the on-site spin-tensor
field. In Figs. 3(c1) and 3(c2), the local dimer densities
and long-range dimer correlations are shown.
Phase transitions: The phase transitions between
above phases can be characterized by the critical be-
haviors of the local densities and the correlations of
the spin-vectors and -tensors. When the Zeeman field
strength Ω increases from zero, the spiral loops of spin-
vector density arrows ~Sj and spin-tensor density ellip-
soids’ axes emerge from initial uniform distribution, be-
come larger, then shrink, and finally disappear at the
phase transition [51]. The spin-tensor density ellipsoids
Tj have two critical behaviors when crossing the phase
transition: a) the angles γnj shows a large oscillation in
the real space, which can be characterized by a sharp
peak for the oscillatory amplitude of angles M(γn) =
max(γnj ) − min(γnj ) located at the phase boundary, as
clearly shown in Fig. 4(a); b) the oscillatory amplitude
of ellipsoid’s axe lengths M(ln) = max(lnj ) − min(lnj )
have sharp features at the critical point, as shown in
Fig. 4(b). The transition from paramagnetic to ferromag-
netic or dimer spiral phases corresponds to the formation
of the long-range order, therefore the transition should
also be captured by more essential correlation lengths.
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FIG. 4: (a) Oscillation amplitude of angles M(γn) as func-
tions of Ω with L = 96. (b) Oscillation amplitude of lengths
M(ln) as functions of Ω with L = 96. (c) The correlation
lengths Θ(Oˆ)/L as functions of Ω for different lattice length L.
Oˆ = Sy,z, T yy,zz,xy,xz have the same features. (a)-(c) θ/pi =
0.9. (d) Dimer correlation lengths ΘD(Oˆ)/L as functions of Ω
for different L, with θ/pi = 1.4. Oˆ = Sx,y,z, T xx,yy,zz,xy,xz,yz
have the same features. In (c)(d), we only choose Sz as an
example. In all subfigures, φ/pi = 1/6.
The numerical results for the spin-vector(-tensor) cor-
relation length Θ(Oˆ) =
√∑
j 6=L/2(j−L/2)2〈OˆjOˆL/2〉
2
∑
j 6=L/2〈OˆjOˆL/2〉
[56]
(Oˆ = Sy,z, T yy,zz,xy,xz) for the transition between para-
magnetic and ferromagnetic spiral phases are shown in
Fig. 4(c), which show that there are (no) spin-vector and
-tensor long-range correlations for the ferromagnetic spi-
ral tensor (paramagnetic) phase. The critical point Ωc in
the thermodynamic limit is determined by the crossing
point between Θ(Oˆ)/L curves for different finite lattice
lengths, as shown in Fig. 4(c).
Similarly, Fig. 4(d) shows the dimer-vector(-tensor)
correlation length ΘD(Oˆ)/L for finite lattice lengths,
where ΘD(Oˆ) = Θ(D
Oˆ) (Oˆ = Sx,y,z, T xx,yy,zz,xy,xz,yz)
is used to determine the critical point between param-
agnetic and dimer spiral tensor phases. The dimer cor-
relation length of a finite lattice length retains and then
decays. In the decaying region, the dimer correlation
lengths of several finite lattices cross at one point. In
the process of increasing the Zeeman field strength, the
dimer-vector(-tensor) density spiral loop emerges from a
uniform distribution, becomes larger, then shrinks, and
finally disappears [51].
Conclusions: In summary, we propose a new type of
quantum magnetism, the spiral spin-tensor order, in a
spin-1 Heisenberg chain subject to a spiral spin-tensor
Zeeman field. We characterize such quantum spiral spin-
tensor orders and their phase transitions using local spin-
vector and -tensor densities and their correlations, which
5can be visualized using arrows and ellipsoids for vec-
tor and tensor quantities. To detect such magnetic or-
ders, we can isolate the sites of interest using addi-
tional site-resolved potentials and measure their local
spin states and non-local spin correlations [12–16]. Our
work should lay the foundation for exploring strongly-
correlated quantum magnetism in a large spin system and
pave the way for engineering novel types of spin-tensor
electronic/atomtronic devices.
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7Supplemental Materials
In this Supplemental Materials, we provide the details of the derivation of Hamiltonian (1), spin-vector and spin-
tensor magnetic orders, correlation lengths for different spin-vector and spin-tensor operators, and the magnetic order
with spin-tensor interaction.
A. Derivation of Hamiltonian (1)
The tight-binding Hamiltonian in the main text can be written as three terms
H = Ht +HΩ +HU, (S1)
where
Ht = −t
∑
〈i,j〉,σ
bˆ†iσ bˆjσ, (S2)
HΩ = 2Ω cos (2φj)S
x
j −2Ω sin (2φj)Nyzj , (S3)
HU =
U0
2
∑
j
nˆj (nˆj − 1) + U2
2
∑
j
(
S2j − 2nˆj
)
. (S4)
The effective spin model is obtained through the projection
Hspin = PsH
′Ps, (S5)
where Ps is the projection operator that projects the states into the low-energy subspace with filling N (N is an odd
integer), H ′ is the Hamiltonian after the Schrieffer-Wolff transformation [1]
H ′= e−iOHeiO
= H − i [O,H] + 1
2!
[O, [O,H]] + · · ·
= Ht +HU +HΩ − i ([O,Ht] + [O,HU] + [O,HΩ]) + 1
2!
([O, [O,Ht]] + [O, [O,HU]] + [O, [O,HΩ]]) + · · · . (S6)
In the Mott insulator region, the hopping term Ht is small. We choose O such that Ht − i [O,HU] = 0, thus
H ′ = HU +HΩ − i
2
[O,Ht]− i [O,HΩ] + 1
2!
([O, [O,Ht]] + [O, [O,HΩ]]) + · · · . (S7)
Up to the second order of O (Ht is the first order), we have
H ′=HU +HΩ− i
2
[O,Ht]−i [O,HΩ]+ 1
2
[O, [O,HΩ]] . (S8)
Denote Pd as the projection operator that projects the states into the subspace of the high-energy with N+1 filling.
Because Ht = PsHPd + PdHPs = PsHtPd + PdHtPs, we have
O = PsOPd + PdOPs
=−i PsHtPd
PdHUPd − PsHUPs + i
PdHtPs
PdHUPd − PsHUPs , (S9)
where, PdHUPd − PsHUPs ≈ 〈PdHUPd〉 − 〈PsHUPs〉. O is not affected by HΩ. Thus the effective spin Hamiltonian
Hspin = PsHUPs + PsHΩPs − i
2
Ps [O,Ht]Ps − iPs [O,HΩ]Ps + 1
2
Ps [O, [O,HΩ]]Ps, (S10)
where, PsHUPs = const, PsHΩPs = 2Ω cos (2φj)S
x
j − 2Ω sin (2φj)Nyzj ,
− i
2
Ps [O,Ht]Ps = −1
2
PsHtPdHtPs
PdHUPd − PsHUPs
=
∑
j
J1Sj · Sj+1 + J2 (Sj · Sj+1)2 .
8Here J1 and J2 are given by [? ]
−J1
t2
=
2
(
15 + 20n+ 8n2
)
15 (U0 + U2)
− 16 (5 + 2n)n
75 (U0 + 4U2)
,
−J2
t2
=
2
(
15 + 20n+ 8n2
)
45 (U0 + U2)
+
4 (1 + n) (3 + 2n)
9 (U0 − 2U2) +
4n (5 + 2n)
225 (U0 + 4U2)
,
−iPs [O,HΩ]Ps = 0, and Ps [O, [O,HΩ]]Ps ∼ t2Ω/U2  t2/U . After ignoring the constant term, the final effective
spin Hamiltonian becomes,
Hspin =
∑
j
J1Sj · Sj+1 + J2 (Sj · Sj+1)2 + 2Ω cos (2φj)Sxj − 2Ω sin (2φj)Nyzj . (S11)
B. Spin-vector and spin-tensor magnetic orders
Without the on-site Zeeman field (Ω = 0), the ferromagnetic spiral tensor phase reduces to the ordinary ferromag-
netic phase (F). The corresponding local magnetic orders represented by the spin-vector density arrows and spin-tensor
density ellipsoids’ axes are uniform in space, as shown in Fig. S1(a). For the ferromagnetic spiral tensor phase (FST)
with a small Ω, the spin-vector density arrows and spin-tensor density ellipsoids’ axes oscillate along the spin chain,
forming spiral loops, as shown in Fig. S1(b). With increasing Ω, the spiral loops first enlarge [see Figs. S1(c)-S1(d)],
then shrink to a narrow ellipse [see Figs. S1(e)-S1(g)]. Across the phase transition point to the paramagnetic phase
(P), the loops shrink to lines, where the spin-vector density arrows become parallel to the Zeeman field direction
[Fig. S1(h)].
With increasing Ω, the relative rotation between two neighboring ellipsoids’ axes becomes more significant [see
Fig. 3(a1) in the main text]. In the paramagnetic phase, the relative rotation angle becomes pi/2 [see Fig. 3(b1) in
the main text]. Both the size and orientation of the ellipsoids oscillate along the spin chain, and a pi/2 orientation
change is equivalent to a size deformation without rotation. Therefore in the paramagnetic phase, we only have the
modulation in the ellipsoid size [see Fig. 3(b1) in the main text].
FIG. S1: Spiral loops for the phase transition F-FST-P. Blue arrows represent spin-vectors, and green line represents the
corresponding loop for the spiral loop of the spin-vector density arrows ~Sj . Red and black arrows represent two axes of
ellipsoids, while yellow and orange lines represent corresponding loops for the spin-tensors density ellipsoids Tj . (a) Ω = 0.0,
(b) Ω = 0.1, (c) Ω = 0.2, (d) Ω = 0.38, (e) Ω = 0.41, (f) Ω = 0.42, (g) Ω = 0.45, (h) Ω = 0.5. The phase transition occurs at
Ωc = 0.425. In all subfigures, θ/pi = 0.9, φ/pi = 1/6 and L = 96.
9FIG. S2: Spin-vector and -tensor order and correlation in the dimer spiral tensor phase. (a1) Spin-vector density arrows ~Sj and
spin-tensors density ellipsoids Tj . (a2) Spin-vector correlation arrows ~Sr and spin-tensors correlation ellipsoids Tr (r = 1, 2, · · · ).
In all subfigures, θ/pi = 1.4, Ω = 0.1, φ/pi = 1/6, and L = 96.
The dimer spiral tensor phase (DST) is non-degenerate, therefore only the spin-tensor density ellipsoid’s lengths
lnj oscillate, while the angles γ
n
j are uniform. Specifically, the size of spin-vector density arrows
~Sj and spin-tensor
density ellipsoids Tj oscillate along the chain, forming lines in the Bloch sphere that are similar as those for the
paramagnetic phase [see Fig. S2(a1)]. There is no long-range spin-vector and -tensor correlations [see Fig. S2(a2)].
Instead, the system possesses long-range dimer correlations. Moreover, the dimer-vector density D
~S
j and dimer-tensor
density DTj can form spiral loops for a finite Ω.
FIG. S3: Phase transition between D-DST-P. Blue arrows represent spin-vectors and green line represents the corresponding
loop for the spiral loop of the dimer-vector density arrows D
~S
j . Red, green and black arrows represent three axes of ellipsoids,
and yellow, orange, and black lines represent corresponding loops for dimer-tensor density ellipsoids DTj . (a) Ω = 0.0, (b)
Ω = 0.1, (c) Ω = 0.18, (d) Ω = 0.2, (e) Ω = 0.21, (f) Ω = 0.22, (g) Ω = 0.25, (h) Ω = 0.3. The phase transition occurs at
Ωc = 0.25. In all subfigures, θ/pi = 1.4, φ/pi = 1/6 and L = 96.
For the ordinary dimer phase (D) with Ω = 0, the dimer-vector density arrows and dimer-tensor density ellipsoids’
axes are uniform in space, as shown in Fig. S3(a). In the dimer spiral tensor phase with increasing Ω, the spiral
loop for the dimer order first enlarges [see Figs. S3(b)-S3(g)], then shrinks into a point at the phase transition to
the paramagnetic phase (Fig. S3(h)). For the on-site Zeeman field given in the main text, the system has a mirror
symmetry, therefore the spiral loops formed by the dimer densities shrink to lines. If a phase shift between spin-vector
and -tensor terms is introduced to the on-site Zeeman field modulation along the chain, the mirror symmetry is broken
and the dimer spiral loops would emerge as circles. In addition, the dimer-vector density D
~S
j and dimer-tensor density
DTj form different spiral loops, leading to relative rotations between them, as shown in Fig. S4.
To show the spiral behaviors of the local magnetic densities (arrows ~Sj , ellipsoids Tj and their relative orientations)
in a more quantitative manner, we plot the principle axes lengths of ellipsoids lnj and the angles γ
n
j in ferromagnetic
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FIG. S4: Spiral loops for the DST with a phase shift pi/15 between vector and tensor terms in the on-site Zeeman field
modulation along the chain. (a) Blue arrows represent spin-vectors, and green line represents the corresponding loop for the
spiral loop of dimer-vector density arrows D
~S
j . Red, green and black arrows represent three axes of ellipsoids, while yellow,
orange and black lines represent corresponding loop) for the dimer-tensor densities ellipsoids DTj . Ω = 0.18, θ/pi = 1.4,
φ/pi = 1/6 and L = 96. (b) The enlarged loop of dimer-vector density arrows. (c) The enlarged loop of one axe (red arrows)
of dimer-tensor density ellipsoids.
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FIG. S5: Plot of three lengths [(a)(c)] of the ellipsoids’ axes (laj plus, l
b
j cross, l
c
j square) and the angles [(b)(d)] between arrows
and three axes (γaj plus, γ
b
j cross, γ
c
j square) along the spin chain. (a)(b) FST with θ/pi = 0.9 and Ω = 0.4. (c)(d) P with
θ/pi = 0.9 and Ω = 0.5. In all subfigures, φ/pi = 1/6 and L = 96.
spiral tensor, dimer spiral tensor and paramagnetic phases [here γnj =
~Sj∠~vnj (γDnj = D
~S
j ∠~vnDj) describe angles between
the spin (dimer)-vector arrows ~Sj (D
~S
j ) and the spin (dimer)-tensor ellipsoid’s orientations ~v
n
j (~v
n
Dj)], as shown in
Fig. S5 and Fig. S6. For ferromagnetic spiral tensor, both the ellipsoids’ lengths lnj and the angles γ
n
j oscillate along
the chain, as shown in Figs. S5(a)-S5(b). The oscillation originates from different spiral loops for the spin-vector
density arrows ~Sj (circle loop) and the spin-tensor density ellipsoids Tj (twisted loop). For paramagnetic phases, only
the ellipsoids’ lengths lnj have oscillating features and the angles γ
n
j are uniform, as shown in Figs. S5(c)-S5(d).
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FIG. S6: (a) Three lengths of the spin-tensor ellipsoids’ axes (laj plus, l
b
j cross, l
c
j square), (b) the angles between arrows and
three axes of the spin-tensor ellipsoids (γaj plus, γ
b
j cross, γ
c
j square). (c) Three lengths of dimer-tensor ellipsoids’ axes (lD
a
j
plus, lD
b
j cross, lD
c
j square), (d) the angles between dimer-vector arrows and three axes of the dimer-tensor ellipsoids (γD
a
j plus,
γD
b
j cross, γD
c
j square). (a)-(d) DST with θ/pi = 1.4, Ω = 0.1, φ/pi = 1/6 and L = 96.
In the dimer spiral tensor phase, the ground state is non-degenerate, therefore the behaviors of spin-tensor ellipsoids’
lengths lnj and the relative angles γ
n
j are the same as those in the paramagnetic phase, as shown in Figs. S6(a)-S6(b).
However, the dimer-tensor ellipsoids’ lengths lD
n
j and the relative angles γD
n
j oscillate along the chain [see Figs. S6(c)-
S6(d)], originating from different spiral loops for the dimer-vector arrows D
~S
j and the dimer-tensor ellipsoid D
T
j .
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C. Correlation lengths for different spin-vector and spin-tensor operators
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FIG. S7: Spin-vector(-tensor) correlation lengths Θ(Oˆ) as functions of Ω for different lattice length L across the phase transition
between FST and P. In all subfigures, θ/pi = 0.9 and φ/pi = 1/6.
The critical point Ωc for the phase transition between ferromagnetic spiral tensor and paramagnetic phases in the
thermodynamic limit can be examined by the spin-vector(-tensor) correlation lengths Θ(Oˆ) (Oˆ = Sy,z, T yy,zz,xy,xz).
The DMRG results show that Θ(Oˆ)/L for several finite lattice lengths cross at one point with increasing Ω, which is
the critical point Ωc between ferromagnetic spiral tensor and paramagnetic phases, as shown in Fig. S7.
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FIG. S8: Dimer-vector(-tensor) correlation lengths ΘD(Oˆ)/L as functions of Ω for different lattice length L across the phase
transition between DST and P. In all subfigures, θ/pi = 1.4 and φ/pi = 1/6.
Similarly, the phase transition between dimer spiral tensor and paramagnetic phases in the thermodynamic limit
can be examined by the dimer-vector(-tensor) correlation lengths ΘD(Oˆ)/L (Oˆ = S
x,y,z, T xx,yy,zz,xy,xz,yz). There is
(no) long-range dimer correlation in the thermodynamic limit for the dimer spiral tensor (paramagnetic) phase. With
increasing Ω, the dimer correlation length ΘD(Oˆ)/L for a finite lattice retains and then decays. In the decay region,
ΘD(Oˆ)/L for several finite lattice lengths cross at one point, which corresponds to the phase transition critical point
Ωc, as shown in Fig. S8.
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D. Magnetic order with spin-tensor interaction
The spin-tensor can appear not only as an on-site Zeeman field, but also as interactions between nearest-neighbor
sites. The biquadratic term of Hamiltonian (1) in the main text contains many types of spin-tensor interactions,
making it hard to identify the spin-tensor correlations induced by each term. Moreover, the spin-tensor correlations
cannot be isolated out because they are bound with the spin-vector correlations. Here we consider a simple toy spin
Hamiltonian,
Hspin =
∑
j
JaS
x
j S
x
j+1 + 4JbN
yz
j N
yz
j+1 + 2Ω cos (2φj)S
x
j − 2Ω sin (2φj)Syj , (S12)
where Ja = cos θ and Jb = sin θ. The competition between the spin-vector and spin-tensor interactions induces
ferromagnetic or antiferromagnetic vector or tensor phases for different θ, as shown in Fig. S9.
0 . 0
0 . 1
0 . 2
 
 
F T F VA F TA F VΘ
  / pi
 Θ( S     x   ) / L
 Θ( N     y z  ) / L
- 1 / 4          1 / 4          3 / 4          5 / 4          7 / 4
FIG. S9: Phase diagrams, the spin-vector correlation length Θ(Sx)/L, and the spin-tensor correlation length Θ(Nyz)/L as
functions of θ. The phases are the ferromagnetic vector (FV), antiferromagnetic vector (AFV), ferromagnetic tensor (FT), and
antiferromagnetic tensor order (AFT). Ω = 0.1, φ/pi = 1/6 and L = 96.
A weak spiral zeeman field (here we take Ω = 0.1) can induce spiral spin-vector densities, but does not affect the
long-range magnetic order. We find that the ferromagnetic (antiferromagnetic) vector phases are similar as those
discussed in Ref. [2], where the system possesses both long-range vector and tensor correlations with spiral spin-
vectors densities, and the long-range tensor correlations are induced by the spin-vector interactions. In ferromagnetic
(antiferromagnetic) tensor phase [FT (AFT)], the system only possesses long-range spin-tensor correlations (with no
long-range spin-vector correlations), which are induced directly by the spin-tensor interactions. In the AFT phase,
the spin-tensor density ellipsoids Tj have orthogonal axes upslopeupslopeupslope between nearest-neighbor sites, while in the
FT phase, the axes of the ellipsoids Tj are parallel  between nearest-neighbor sites. In both the FT and AFT
phases, the spin-vector density arrows ~Sj are spiral along the chain. Such FT and AFT phases due to the spin-tensor
interactions are very different from previous studies of spin-vector interactions. As examples, in Figs. S10(a1)-S10(a2),
we show the magnetic local densities and non-local correlations in the AFT phase.
FIG. S10: Spin-vector and -tensor order and correlation in the AFT. (a1) Spin-vector density arrows ~Sj and spin-tensors
density ellipsoids Tj . (a2) Spin-vector correlation arrows ~Sr and spin-tensors correlation ellipsoids Tr (r = 1, 2, · · · ). In all
subfigures, θ/pi = 0.3, Ω = 0.1, φ/pi = 1/6 and L = 96. The arrows are enlarged by 8 times.
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